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BRENDAN OWENS AND SASO STRLE

Dedicated to José Maria Montesinos on the occasion of his 65th birthday.

ABSTRACT. Given a knot K in the three-sphere, we address the question: which
Dehn surgeries on K bound negative-definite four-manifolds? We show that the
answer depends on a number m(K'), which is a smooth concordance invariant. We
study the properties of this invariant, and compute it for torus knots.

1. INTRODUCTION

The intersection pairing of a smooth compact four-manifold, possibly with bound-
ary, is an integral symmetric bilinear form @y on Hy(X;Z)/ Tors; it is nondegenerate
if the boundary of X is a rational homology sphere. Given a rational homology
three-sphere Y there are various gauge-theoretic constraints on which bilinear forms
may be intersection pairings of manifolds bounded by Y. For example, Donaldson’s
celebrated Theorem A [1] tells us that the only negative-definite pairings bounded
by the three-sphere are the standard diagonal forms. Another well-known example is
the Poincaré homology sphere P, oriented as the boundary of the positive-definite Eg
plumbing; this does not bound any negative-definite four-manifold. An alternative
description of P is +1 surgery on the right-handed trefoil knot. It is also well-known
that +5 surgery on the same trefoil knot gives the lens space L(5,1) which is the
boundary of a negative-definite disk bundle over S2. A natural question arises, for
the trefoil and more generally for any knot K in S3: for which rational numbers r
does the Dehn surgery S?(K) bound a smooth negative-definite four-manifold? This
question is related to the computation of unknotting numbers, and also to the clas-
sification of tight contact structures.

An easy argument, for example using Lemma 2.5, shows that S2( K) bounds negative-
definite whenever r is negative. Any knot can be converted to the unknot by a finite
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number of crossing changes. This enables us to show that large positive surgeries on
a knot K always bound negative-definite four-manifolds, and leads to the following
invariant:

(1) m(K) = inf{r € Qs¢ | S*(K) bounds a negative-definite 4-manifold}.

Some properties of m are described in the following theorem which we prove in Section
3; more precise statements of some properties are given there. We conjecture that
the subadditivity property of Theorem 1(d) holds for m(K) as well.

Theorem 1. (a) If a knot K C S® admits a diagram without positive crossings then
m(K) = 0.
(b) For all rational numbers r > m(K), the r-surgery S2(K) on K bounds a negative-
definite manifold to which all spin® structures on S2(K) extend.
(¢) m(K) is a concordance invariant of K.
(d) The integer valued invariant [m] is subadditive with respect to connected sum,
i.e.

[m(K#C)] < [m(K)] + [m(C)]
for any knots K and C in S3.

In Section 4 we compute m for torus knots. The question of which nonzero Dehn
surgeries on torus knots bound negative-definite manifolds was considered previously
in [9] and [3]; we give a complete answer here. Let p, ¢ be coprime integers with
p > q > 0. It is well known that (pg — 1)-surgery on the torus knot 7}, , bounds
a negative-definite manifold (since this surgery is a lens space [7]). Let n be the
number of steps in the standard Euclidean algorithm for p and ¢. Denote by ¢* = ¢*
(mod p) the solution to the congruence ga = 1 (mod p) with 0 < a < p, and similarly
let p* = p~! (mod q).

Theorem 2. Let T, , denote the positive (p, q)-torus knot. Then

pq — % if n is even,

m(1,,) =

(Toa) pq — P if n is odd.
q*

The manifold given by m(T,,) surgery on T, , bounds a negative-definite four-manifold.
Moreover, for any negative-definite four-manifold this surgery bounds not all Spin®
structures on the surgery manifold extend over the four-manifold.

For any negative torus knot, m(1,_,) = 0.

The special case of ¢ = n = 2 follows from work of Lisca-Stipsicz [6]; they used
essentially the same obstruction to get a lower bound on m but a different construction
for the negative-definite manifold bounded by S2 T, )(TM). Theorem 2 yields the

following generalisation of [6, Theorem 4.2]. !
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Corollary 3. For each rational number r in the interval [pg —p — q¢,m(T,,)), the
3-manifold given by r surgery on T, , does not admit fillable contact structures.

2. CONTINUED FRACTIONS AND SURGERY COBORDISMS

In this section we establish some notation and basic facts about continued fractions

and surgery cobordisms. Given a sequence of numbers ¢y, ca, ..., ¢, in the extended
real line R U {oo} (typically these will be integers) one obtains two numbers
1
+.
C1,C2,...,C =+t —
[c1, ¢ n) L
-
te,
and
_ 1
[cr,¢0,00h60] = = —————
C2 — .
_1
Cn

we refer to these as positive and negative continued fraction expansions, respectively.
For a given positive rational number the standard Euclidean algorithm yields a unique
expansion

3

- = [017027"'7cn]+

L

with integer coefficients satisfying ¢; > 0, ¢; > 0 for 1 < i < n and ¢, > 1. Similarly
there is a unique expansion

p_
- - [a17a27"'7am] 9
q

with positive integer coefficients and a; > 1 for all ¢ > 1. (This is often referred to as
the Hirzebruch-Jung continued fraction of 2.)

The following is immediate from the Euclidean algorithm for p/q.

Lemma 2.1. Let p > q > 1 be coprime integers with

B = [Cl,CQ, .. .,Cn]Jr.
q

Writing p = c1q + r we have
g = [CQ, .. .7Cn]+.
r

Lemma 2.2. The positive and negative continued fraction expansions are related by
the formula
le1, .. et =1 +1,2,...,2,¢5+2,2,...,2,¢c5+2,...],
1 1
co— c4—

where the continued fraction ends with ¢, + 1 if n is odd and with ¢, —1 2°s if n is
even.
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Proof. This may be deduced easily from the equations

e, 2]* = [c+1, v }

r—1
and
(2) yz[c,z]*@ﬁzQ,...,Q,lez].
1
(Or see [11, Proposition 2.3].) O
Lemma 2.3. Let p > q > 0 be integers with g =lc1,¢0y ... cn]T. Then
P _
(3) m:2,...,2,c2+2,2,...,2,c4+2,...] ,

c1—1 c3—1

where the continued fraction ends with ¢, + 1 if n is even and with ¢, —1 2’s if n 1is
odd.

Proof. This follows easily from Lemma 2.2 and (2). (Or see [8, Lemma 7.2] or [11,
Proposition 2.7].) O

Given coprime natural numbers p and ¢, define ¢* to be the multiplicative inverse
of ¢ modulo p, i.e. ¢q¢* =1 (mod p) and 1 < ¢* < p.

Lemma 2.4. If p > q are coprime positive integers and

P _
i [C1, .. en)
with integers ¢; > 2, then
L = fen, ]
q
Proof. This can be seen by induction on n. For details see for example [4]. U

The importance of continued fractions in our context is due to their appearance
when Dehn surgeries are converted to integer surgeries. If

B:[Cla"'acn] ’

then the 3-manifold given by b surgery on a knot K is equivalent to that given by

a framed link consisting of K with framing ¢; and a chain of unknots with framings
Co, ..., Cn as in Figure 1. The equivalence of the two descriptions is established using
the slam-dunk move (see [2, §5.3] for details). Note that for surgeries on the unknot
the equality of Lemma 2.4 combined with the integer surgery presentation corresponds
to the equality L(p, q) = L(p,q*). The next lemma is of use in computing the signature
of the resulting 4-manifold with boundary.
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N .

FiGURE 1. Converting between Dehn surgery and integral surgery.

Lemma 2.5. Let ay, ..., a, be integers with a; > 1, |a;| > 2 for 1 <i < n and either
la,| > 2 ora, = —1. Let A denote the symmetric n X n matriz whose nonzero entries
are Ai,i = Qy, Ai,i:l:l =1. Then

signature(A) = #{i|a; > 0} — #{i| a; < 0}.

Proof. Write A,, for A. We prove the formula by induction. Let A, _; denote the
minor given by deleting the last row and column of A,,. We claim that

signature(A,,) = signature(A,_;) + sign(a,).

Let vy, ..., v, be basis vectors for a free abelian group with a bilinear pairing given

by Q(vi,v;) = A; ;. Extending coefficients to Q there are constants b; € Q for which
n—1

v =, — Z bv; is @ orthogonal to v; for i < n; in fact, b,_1 = 1/[ap_1,...,a1]". In
i=1

the basis vy, ..., v,_1,v) the form @ has a block matrix with blocks A,_1, Q(v/,,v})

n’ -n
from which it follows that the signature of A is given by the sum of the signature
of A, and the sign of Q(v/,,v}). The conditions on ay,...,a,_1 ensure that —1 <

1/]an-1,...,a1]7 <1 and

]_) — sign(ay).

Alternatively, note that successively blowing down 41 entries on the diagonal we
obtain a diagonally dominant matrix for which the signs of eigenvalues are given by
the signs of the diagonal entries. O

sign(Q(v),,v},)) = sign (an 7

Ap—1,-..,01

We start our study of negative-definite cobordisms that determine the behaviour
of m(K) by showing that if some surgery on K bounds a negative-definite manifold,
then so does any larger surgery.

Lemma 2.6. Let K be a knot in S® and let r, s be rational numbers with r > s > 0.
Then there exists a negative-definite two-handle cobordism from S3(K) to S2(K).
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Proof. Suppose that the negative continued fractions of r, s agree for the first m terms,
m > 0. In other words we have

s = [Cla'"7Cmacm+17"'7cm+k]_
/ / —
ro= [Clye ey Comy Crpis s Co]

with ¢1,¢] > 1, ¢, ¢, > 2 foralln > 2,and 0 <l = ¢, — Cpt1-
The cobordism from S?(K) to S3(K) is then a composition of cobordisms Wy, ..., W,
which we proceed to describe:

W, Wi Wa w.
SE(K) —O> Si17...7cm+1]_(K> — Sil,...,cm+1+1]_(K> VV—> S[gcl,...,cm+1+2}_<K) —3>
= S} (K) =5 SHI);

[017---7cgn+1_1}7

the negative-definiteness of each of Wy, ..., W, follows by Lemma 2.5.

To obtain the cobordism Wy note that S[?’c oseman]- (K') bounds the positive-definite
integer surgery cobordism given by K with a chain of linked unknots in the usual
way, with framings given by the continued fraction coefficients. There is an obvious
positive-definite cobordism from this to the corresponding integer surgery description
of S3(K); reversing orientation yields W.

Each W; for 0 < ¢ < [ is the surgery cobordism given by attaching a (—1)-framed

unknot to the positive-definite integer surgery description of S[?’c et i1 (K) along
the meridian of the last unknot in the chain.
Now let 7’ = [¢}, 19, .-, Clhyp]” (in other words 1 is given by the tail of the contin-
ued fraction of ) and let
/
r _
= lai, ... a,]7,
with a; > 2. Then we have
r=[c1,. ., Cmy Cpyrs T
=lc1, o Cms Cpy — 1, —an, —aa, ..., —ay,] ",
which yields the negative-definite surgery cobordism W, from S ﬁ:l’m’cm’% S (K) to
S3(K). O

The next two lemmas exhibit negative-definite cobordisms from the disjoint union
of S}(K) and S2(C) to S2, (K#C) for certain surgery coefficients r and s. We use
them to prove subadditivity of an integer version of m(K) under connected sums. We
can exhibit many other such cobordisms and in fact conjecture that such a cobordism
exists for any positive rational numbers r and s. The point of the second lemma is
that we do not know if the surgery manifold S‘Fm( K)] (K) bounds a negative-definite
manifold in general.
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Lemma 2.7. Let K and C be knots in S® and let r,s be positive rational numbers
whose sum is an integer. Then there exists a negative-definite cobordism from S3(K)U

SHC) 1o S, (K#C).

Proof. We begin with the simplest case which is when » = m and s = n are both
integers. The Kirby diagram on the right hand side of Figure 2 represents a four-
manifold whose boundary is S? . (K#C): to see this trade the 0-framed 2-handle
for a 1-handle in dotted circle notation, slide one of the remaining 2-handles over the
other and cancel the 1-handle with a 2-handle. The addition of the 0-framed 2-handle
gives the required negative-definite cobordism in this case, since the four-manifold on
the left of Figure 2 is definite with b5 = 2 and that on the right has b5 = 2 and
by = 1. (Similar calculations show the cobordism is also negative-definite if one or
both of m, n is zero.)

@

-

FIGURE 2. A negative-definite cobordism from S3 (K) U S3(C)
to S3 . (K#CO).

m-+n

If r =m—g¢q/pand s = n— (p— q)/p with m,n positive integers and b_

[c1, ¢, ..., ¢,]T we may modify the diagram in Figure 2 accordingly. See Figure 3 for
the case ¢/p = 1/3. On the left hand side, we have K with framing m and a chain of
unknots with framings
C1—|—172,...,27C3—|—272,...,2,C5—|—2,...
—— ——

co—1 cq—1
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and also C' with framing n and a chain of unknots with framings

2,...,2,c04+2,2,...,2,c4+2,....

—— ———

c1—1 c3—1

By Lemmas 2.2 and 2.3 this is a four-manifold bounded by S3(K) U S3(C). The
cobordism W is obtained by adding a single +1 framed unknot which links each of the
two rightmost unknots described above once. A sequence of (+1)-blowdowns converts
this diagram to the right hand diagram in Figure 2 (with one of m,n decreased
by 1), from which it follows that W is again a negative-definite cobordism from

SHEK)USHC) to S, (K#C). O

m
3

J O B

2
.

b

|
p
<

)

2

&
-

FIGURE 3. A negative-definite cobordism from Sffrkl/?)(K) U
52—2/3(0) to Sy, 1 (K#O).

Lemma 2.8. Let K and C be knots in S and let [, m,n be nonnegative integers with
I > 1. Then there exists a negative-definite cobordism from Sf’nH/Ql(K) U SS’LH/Z(C)

to S3 (K#C).

m+4n+1/1
Proof. The cobordism is illustrated in Figure 4 for the case [ = 2. On the left hand side
we have a Kirby diagram representing a four-manifold with boundary S? | /21<K )yu

S3 /21(C)~ The cobordism W is given by adding [ (—1)-framed 2-handles as shown.

This preserves by and increases b, by [ so W is negative-definite. Blowing down the
(—1)-framed 2-handles and sliding one of the resulting /-framed 2-handles over the
other results in the last diagram shown in Figure 4; as in Lemma 2.7 this is seen to
represent the three-manifold S} .., ,(K#C). O
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FIGURE 4. A negative-definite cobordism from S? (K) U

Sg+1/4(c) to S, K#C).

+1/4
+n+1/2(

3. BASIC PROPERTIES

In this section we establish some properties of m(K), in particular its existence.
Propositions below prove Theorem 1.

Proposition 3.1. Let K C S? be a knot. If K can be unknotted by changing p
positive and n negative crossings, then m(K) < 4p. In particular, if K admits a
diagram without positive crossings then m(K) = 0.

Proof. Let Y be the 4p-surgery on K. If all the crossing changes in the unknotting of
K are realized by (—1)-blow-ups, the resulting surgery description of ¥ consists of a
O-framed unknot (corresponding to K') along with an unlink of (—1)-framed unknots.
Hence Y bounds a negative-definite 4-manifold with one 1-handle. U

Proposition 3.2. For all rational numbers r > m(K), the r-surgery S2(K) on K
bounds a negative-definite manifold X, with H*(X,) — H?*(S2(K)) surjective. In
particular, the restriction map Spin®(X,.) — Spin®(S3(K)) is surjective.

Proof. Given r = p/q > m(K) there exists a rational number s = p'/q" € (m(K),r)
with p,p’ coprime. By the definition of m(K) and Lemma 2.6, S?(K) bounds a
negative-definite four-manifold X,. Let W be the cobordism from S?(K) to S2(K)
given by Lemma 2.6. Since W is a two-handle cobordism, its first homology is a
quotient of the first homology of either boundary component. Since the orders of
the first homology groups of the boundary components are coprime, they have no
nontrivial common quotient and so H;(W) = 0. Taking the union X, U W yields a
negative-definite manifold X, bounded by S?(K) with the property that the inclusion
of the boundary in the manifold induces trivial homomorphism on H;. Using Poincaré
duality this implies that the restriction map on H? is onto. O
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Proposition 3.3. m(K) is a concordance invariant of K, hence it defines a function
m : C = R, where C denotes the smooth concordance group of classical knots.

Proof. If K’ is concordant to K, let A C S3 x I be the annulus realizing the concor-
dance. Then r-surgeries on K and K’ extend over A; the resulting 4-manifold is a
homology cobordism from S2(K) to S2(K’). O

Proposition 3.4. The integer valued invariant [m)| is subadditive with respect to
connected sum.

Proof. Let m = [m(K)| and n = [m(C)]. Suppose first that both S? (K) and S3(C')
bound negative-definite four-manifolds. Gluing these to the cobordism from Lemma
2.7 yields a negative-definite manifold bounded by S, (K#C') so that [m(K#C')] <
m+n.

In general S3(K) and S3(C') bound negative-definite four-manifolds for any rational
surgery coefficients » > m and s > n. In particular we may take r = m + 1/2[
and s = n + 1/2[ for any positive integer [. Combining with the negative-definite
cobordism from Lemma 2.8 we see that S» ., /l(K #(C') bounds negative-definite.
Letting [ — oo we again see that [m(K#C)] < m+ n. O

4. TORUS KNOTS

In this section we prove Theorem 2 and Corollary 3.
Let p > g > 1 be coprime integers and let % = [e1,69,...,¢,]T, ¢; >0 and ¢, > 2.
Let

q . .
pq— — if nis even,

p,q) =
#p.0) pq—% if n is odd.
q

Proposition 4.1. If S3(T,,,) bounds a negative-definite four-manifold thenr > u(p, q).

Proposition 4.2. The manifold Sf;(p o(Ipq) embeds in a connected sum of CP?’s as
a separating submanifold, and hence bounds a negative-definite four-manifold.

Proposition 4.3. If W is any negative-definite manifold that Si(p’q)(Tp,q) bounds

then the restriction homomorphism H*(W;Z) — H2(Sg(p7q)(Tp7q); Z) is not onto; con-

sequently, Hi(W;Z) contains nontrivial torsion.

We use notation Y (e; %, B %) to denote the 3-manifold that results by performing
surgeries with the listed fractional coefficients on disjoint fibres of the degree e S'-
bundle over S?, as in Figure 5. If the fractional coefficients are nonzero this is a
Seifert fibred space whose exceptional fibres have orders «;. We will also allow % to

be zero or co.
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Oél 012 %
B3

.Oél Q2 Qa3

FIGURE 5. Y(e; 31, %, 52)-

Lemma 4.4 (cf. Moser [7]). For any rational number r,

p g pg—r
S3(T, Y<2——7),
(o) = ¢ p pg—r—1

Proof. Start with the Seifert fibration of S* by (p,q) torus knots which has two
exceptional orbits, one of order p and the other of order ¢q. To determine the surgery
coefficient (relative to the fibration) corresponding to the r-surgery along a regular
fibre note that the linking number lk(K, K') = pq, where K is the surgery curve and
K’ is a nearby regular fibre. For r = a/b the surgery curve is given by v = au + b\ =
(a — bpq)pu + bK', which yields r — pq for the surgery coefficient. It follows that

S3(T, :Y<0;£,i,r— ),
7’( p#}) /81 /82 pq
for some (31, 2. Then the order of the first homology of the surgery is

Big(a — pgb) + Bap(a — pgb) + pgb = +a =

pab(qBy + pP2 — 1) = a(qBy + pB F 1).

Since the last equation holds for all » = a/b we conclude ¢f; + pfSz — 1 = 0.

We can fix coefficients §; and S5 by requiring 0 < §; < p and |5>| < ¢, so that 5, =
q* and fs+q = p*. The result now follows by applying Rolfsen twists (see for example
2, §5.3]) to the unknots in the Dehn surgery diagram for Y (0; p/ 31, ¢/ B2, 7 — pq) with
the framings ¢/fs and r — pq. O

Proof of Proposition 4.1. We may assume that r < pg — 1. Using Lemmas 4.4, 2.1,

2.2 and 2.4 we find that S2(7,,,) is the boundary of a positive-definite plumbing P of
disk bundles over spheres corresponding to a tree with 3 legs where the weight of the
central vertex is 2. The weights on the three legs (listed from the central vertex) are
as follows:
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e the weights on the first leg are the coefficients in the negative continued frac-

tion for 2L
pg—r—1’

e the weights on the second leg are
cn+1,2,...,2,ch0+2,...,2,...,2,c3+2,2,...,2,c;+ 1
—— —— ——
cn—1—1 ca—1 co—1
if n is odd and
cn+1,2,...,2,ch0+2,...,2,...,2,c4+2,2,...,2,c0+ 1
—— —— ——
cn—1—1 c5—1 c3—1
if n > 2 is even (and ¢y if n = 2).
e the weights on the third leg are
2, ..,2,¢01+2,...,2,...,2,¢4+2,2,...,2,c0+ 1
—— —— ——
cn—1 c5—1 c3—1
if n is odd and
2,2, 1+2,...,2,...,2,¢c5+2,2,...,2,c1+ 1
—— —— ——
cn—1 cg—1 co—1
if n is even.
(Note that if n is odd, then the second leg arises from the continued fraction

expansion of P and the third leg corresponds to i; for n even L gives the second
q * *

leg and L gives the third.)
q*

If S3(7T,,) bounds a negative-definite 4-manifold X, then P U (—X) is a closed
positive-definite manifold so by Donaldson’s Theorem the intersection form of P em-
beds in some Z* (with the standard form). We seek the minimal (or a priori, infimal) 7
for which such an embedding is possible. We first note that minimising r is equivalent
to minimising

s a1, ... a,]" =la1,. .., am, 0],
pg—r—1
which in turn is equivalent to finding the smallest sequence aq, as, ..., a,,, oo in lexi-

cographical ordering, with integer coefficients a; > 2.

Let E denote the central vertex of P, and let Uy, Us, ... denote the vertices on the
first leg. Similarly label the vertices on the second and third legs with V; and W;
respectively. Denote basis vectors of Z* by e; and f;. Suppose for some r we have an
embedding of the intersection form of P in Z*. Without loss of generality, £ maps
to e; + f1 and Vi maps to —e; + x for some x € ZF.

We claim there is an embedding with a; = 2 so that U; maps to one of —e; + e or
—f1+ f2. Suppose first that U; maps to —ej + €3, so that Vi maps to —e; —ey + 2. If
we can take ay = 2 as well we must map Us to —ey +e3 and Vi to —e; — ey — ez + 2",
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Continuing in this way we find that U; maps to —e; +¢e;,q fori =1,...,¢, — 1, V4
maps to ey +ey+- - -+e., +1 and Vo maps to e, 1 —€c, 12, and so on. The requirement
that » be minimal combined with the assumption that U; maps to —e; 4+e5 completely
determines the weights on the first leg and the embedding in Z* (up to automorphism
of ZF) of the first two legs. The weights on the first leg (under this assumption) are

2 2 2,2 2 02,2, ..,2,
~—— — —

cn—1 c3—1 c1—1

if n is odd and
2, 201+ 2,..0,2,00.0,2,03+2,2,...,2,
cn—1 cq—1 co—1
if n is even.

The reasoning from the previous paragraph may be applied to the third leg instead
of the first, showing that W; maps to — f, + f> (the weights on the third leg represent
a smaller continued fraction than the minimal value found in the previous paragraph).
This enables us to eliminate the possibility that U; maps to —f, +y for any y € Z*
since orthogonality with the vertices on the third leg would then imply a; > 2.

It remains to extract the value of the minimal ». We have

pg—r -

o222 2 2 e+ 2,2, 2],

pq—T—l h,l;/’c Lt H/—l/c +1 wl_J
Cn— Cm+42— Cm—

where m = 1 if n is odd, else m = 2. Applying (2) and Lemmas 2.1, 2.2 and 2.4 we
find

PG —17 = [CnyCnt,- s Cm]T
q . .
— if nis even,
P
L i s odd.
q*

n

Proof of Proposition 4.2. Assume for convenience that n is odd (the even case is
proved in exactly the same way). From the proof of Proposition 4.1 we see that 53<p7q>
is the boundary of the positive-definite 4-manifold P presented by a Kirby diagram
corresponding to a three-legged tree, with framing 2 on the unknot corresponding to
the central vertex, and framings on the 3 legs given by
o firstleg: 2,...,2)¢c 1 +2,...,2,...,2,c0+2,2,...,2,
—— —— ——

cn—1 c3—1 c1—1

e second leg: ¢, +1,2,...,2, ¢, 04+2,...,2,...,2,c3+2,2,...,2,¢c1 + 1,
——— —— ——

Cn—1—1 cqg—1 co—1

o thirdleg: 2,...,2,¢c, 1+2,...,2,...,2,¢c4+2,2,...,2,co+ 1.
—— N—— N——

cn—1 c5—1 c3—1
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We add further handles to this diagram to get a diagram for a manifold X. For
each vertex in the third leg, if the weight of the vertex is w and the valency is v (one
if the rightmost vertex, or else 2), add w — v parallel (+1)-framed meridians to the
corresponding component of the Kirby diagram. We claim the resulting X can be
obtained from S? x B? by a sequence of (+1)-blow-ups.

Begin by blowing down (+1)-framed unknots on the third leg; this completely
eliminates the third leg and replaces the weight on the central vertex by 1. We now
have a linear plumbing with weights

1,2, 2,042, 2, 2 e L 1,2 2 e E 2 22,0042, 2,2,
1 1 1 1 1
co— Cn—1— Cn— Cc3— Cc1—

A simple induction argument shows that successive blow-downs reduce this to a single
zero-framed unknot. Hence we can add a 3-handle and 4-handle to X to get a
connected sum of CP?’s.

Let X be the closure of the complement of P in the connected sum of CP?s; then
—X is a negative-definite manifold bounded by Si(n o (Tpqg)- O

A sublattice L C ZF is called primitive if the quotient Z*/L is torsion-free. If
L is not primitive in Z*, then the restriction homomorphism on the dual lattices
Hom(Z*,Z) — L' = Hom(L, Z) is not surjective. This observation yields the following
result which is the main ingredient in the proof of Proposition 4.3.

Lemma 4.5. Let Y be a rational homology 3-sphere that bounds a positive-definite 4-
manifold X with H1(X;Z) = 0. Suppose that the intersection lattice L = (Ho(X;7Z), Qx)
of X does not admit a primitive embedding in any ZF. Then for any negative-definite
4-manifold W that Y bounds the restriction homomorphism H*(W;Z) — H*(Y;Z)

is not onto; consequently, Hy(W;Z) contains nontrivial torsion.

Proof. 1t follows from the exact cohomology sequence of the pair (X,Y) (using as-
sumption H(X;Z) = 0) that H*(Y;Z) = L'/L, where L' denotes the dual lattice
of L. Let W be a negative-definite manifold with boundary Y; we may assume that
bi(W) = 0. Let Z = X Uy (=W). It follows from the Mayer-Vietoris homology
exact sequence for Z that L embeds in Hy(Z)/Tors. Note that the intersection pair-
ing of Z is isomorphic to some Z* by Donaldson’s Theorem. Since by assumption
L is not primitive in Z*, the restriction H*(Z) — L' is not onto. Consider now the
Mayer-Vietoris cohomology exact sequence for Z:

= HY(Z) = HY(X) @ H* (W) = H*(Y) — - -

Choose an element x € L' = H?*(X) that is not in the image of the restriction
homomorphism from H?(Z). Then the image of  in H*(Y) is not in the image of
the restriction H?(W) — H?(Y); if it were the image of some y € H*(W) then x @y
would be in the image of H?(Z). O
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Proof of Proposition 4.3. We again assume for clarity of exposition that n is odd.
The proof of Proposition 4.1 shows that Si(p, o)(Ip,g) bounds a plumbing P whose

intersection form (call it L) embeds in Z*. We claim that for any such embedding L
is not primitive in Z¥. Proposition 4.3 is a consequence of this claim and Lemma 4.5.
From the proof of Proposition 4.1 we see that there is a unique embedding in

ZF (up to automorphisms) of the first two legs of the tree defining P. A simple
recursive description of all such embeddings is as follows: starting with the sequence
—ej — €9, €9, €1 — €3 one applies a finite sequence of the following modifications (blow-
ups):

Lo Ue,w, . ~ ooy U—€i41,€6441,6; — €j1, W, . ..
or

U6, W, . ~ ey 0,6 —€i41,6i41, W — €41,y - .

and then replaces the final e, with e; + f1. (This becomes the central vertex of the
tree, and the two chains on either side give the first two legs of the tree; comparing to
the proof of Proposition 4.1 one should reverse the order of indices of the basis vectors
e1,...,es.) Inductively we see that the image of the sublattice Ly of L corresponding
to the first two legs rationally spans Z° but is not equal to it as its determinant is
p?> > 1. We claim that the image of L intersected with this Z° is equal to the image
of Ly and therefore L is not primitive in Z*. Indeed, the embedding of the third leg
cannot use any of the basis vectors ey, ..., e, hence the only way the intersection
could be larger is if some multiple of e, were in the image of the central vertex and
the third leg. Using that ey is rationally in the image of L, so

€g = E Civi+ E djwj,
( J

where v; (w;) are images of vectors in the first (second) leg and ¢;, d; € Q, this would
imply that the two sums above (representing orthogonal vectors) vanish, providing a
contradiction. U

Theorem 2 follows from Propositions 4.1, 4.2, 4.3, and Theorem 1(a).

Proof of Corollary 3. The proof is based on that of [6, Theorem 4.2]; we briefly recall
the argument here. Let Y, denote the surgery manifold S2(7,,). By [6, Proposition
4.1], 'Y, is an L-space whenever r > 2¢,(7,,) —1 = pqg —p — q. By [10, Theorem 1.4],
any symplectic filling of an L-space is negative-definite. By Theorem 2, Y, does not
bound a negative-definite four-manifold if r € [pg — p — ¢, m(T,,)) and thus does not
admit a fillable contact structure. U

We note that the result in Corollary 3 is optimal: for any r ¢ [pg—p—q, m(7},,)), the
three-manifold obtained by r surgery on 7}, , does admit a fillable contact structure.
This may be deduced using the classification by Lecuona-Lisca of Seifert fibred spaces
which admit fillable contact structures [5, Theorem 1.3].
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